Two semi-infinite elastic plates are joined along a line forming a wedge structure with unilateral fluid loading in the outer sector of the two plates. The structure is modeled using thin plate theory, allowing freely propagating flexural and longitudinal waves. The junction is mechanically connected with an applied force and moment acting there to simulate a possible internal connection. The general two-dimensional solution is described for incidence of time harmonic structural or acoustical waves. The total pressure is expressed as a Sommerfeld integral, the integrand comprising Malyuzhinets functions and particular solutions of certain difference equations. The junction conditions reduce to a system of four linear equations. Numerical examples indicate the coupling between the modes for welded steel plates in water. Acoustic plane-wave incidence on the flattest junction considered is converted almost equally, in terms of energy, among diffracted flexural and longitudinal waves. The coupling to flexural energy increases with the angle of the water wedge sector, at the expense of the longitudinal energy which vanishes in the limit as the water occupies the entire domain except for a strip comprising the two plates. An incident longitudinal wave generates relatively little acoustic sound for all wedge angles considered, with most of its energy redistributed among structural modes. The acoustical diffraction is generally greater for flexural incidence. Comparison with the dry structural diffraction coefficients indicates that the fluid loading effects for steel and water configurations can be significant for frequencies less than one-fifth of the coincidence frequency, but are small for higher frequencies.
INTRODUCTION
We consider a wedge configuration formed by two elastic plates joined at an angle, with the simplification that the plates are thin and the complication that the structure is loaded unilaterally by an acoustic fluid. The thin plate assumption means that only the basic symmetric and antisymmetric structural modes need to be considered, corresponding to longitudinal and flexural waves. The major difficulty is to simultaneously satisfy the structural dynamic equations and the Helmholtz equation for the acoustic pressure, subject to the continuity conditions at the solid-liquid boundary, and the junction conditions at the vertex. We restrict attention here to the two-dimensional configuration, as depicted in Fig. 1 , for which all motion is in the plane normal to the line joining the plates. Our objective is to quantitatively understand the various wave interaction mechanisms, such as structural to structural or acoustic to structural, and the significance of the fluid loading on these interactions.
Similar problems for flat fluid-loaded structural configurations, such as two connected semi-infinite plates 1 or infinite plates with line attachments, 2, 3 have been studied in detail. They differ both physically and mathematically from the present situation. First, there is generally no coupling of the longitudinal structural motion with the acoustic and flexural waves. Thus, the in-plane longitudinal motion is completely decoupled. Second, conventional Fourier transform and Wiener-Hopf techniques may be used for problems defined on rectangular coordinates, e.g., Ref. 4 , but do not suffice for wedge configurations. The general procedure for solving acoustic diffraction from wedges with higher-order boundary conditions has only recently been developed, 5, 6 and has been applied successfully to membrane boundaries, 6, 7 and also to plates. Thus, Osipov 8 showed that writing the acoustic field as a Sommerfeld integral transform reduces the plate boundary conditions to functional difference equations for the pressure transform. He also provided an explicit procedure for solving these equations using Malyuzhinets functions and Fourier transforms.
In this paper we discuss the general solution for various contact conditions along the line where the plates meet, including the case of welded contact for which displacements and forces are continuous. This case is of most practical significance, but unfortunately, was not considered by Osipov. 8 The problem involves six continuity conditions at the junction: two for the two velocity components, two more for the force components, and one each for the bending moment and the rotation. We showed in a related paper 9 that the six continuity conditions can be expressed solely in terms of the transverse plate displacement as a set of four conditions. Approximate results appropriate to wedge configurations that are almost flat were also derived in Ref. 9 , but the general case was not considered. It is interesting to note that excitation by an incident longitudinal wave produces no forcing in the fluid or flexural equations, but the four junction conditions involve an effective line force at the vertex, the amplitude of which is related to the incident wave amplitude. Thus, longitudinal incidence is equivalent to the radiation problem with a source at the vertex.
The outline of the paper is as follows. The problem is defined in Sec. I, and the general solution procedure based on the Sommerfeld integral transform is described in Sec. II. For a given structure and an incident structural or acoustic wave the problem is reduced to finding eight constants: the values of the normal displacement and its first three derivatives on both plates at the vertex. In Sec. III a system of linear equations for the eight unknowns is obtained by applying appropriate regularity conditions on the Sommerfeld transform and by applying the junction conditions, thus completing the solution. The diffracted structural wave amplitudes are defined and an energy conservation relation is described in Sec. IV. We conclude with a discussion of several illustrative numerical examples in Sec. V.
I. BASIC EQUATIONS
The plate configuration and an incident acoustic wave are depicted in Fig. 1 . We are interested in the time harmonic acoustic pressure field pϭp(r,)e Ϫit satisfying the Helmholtz equation outside the wedge,
where kϭ/c is the acoustic wave number, and r, are polar coordinates relative to the contact line. The equations of motion and continuity on the wedge faces are
Here, w(r) is the displacement into the fluid, and m, B, and are the plate density, bending stiffness, and the fluid density. In general, the plate parameters may be different for each face of the wedge, so we denote them as w Ϯ , B Ϯ , m Ϯ , where Ϯ signs correspond to the upper (ϭ⌽) and lower (ϭϪ⌽) faces, respectively.
At this stage we define some parameters which simplify the analysis later: the plate flexural wave numbers
, and the nondimensional frequency parameters ⍀ Ϯ ϭk 2 / Ϯ 2 ϭ/ c Ϯ where c Ϯ are the plate coincidence frequencies, c Ϯ ϭc
The remaining plate dynamics can be represented by frequency independent dimensionless fluid-loading parameters,
where c Ϯ ϭͱC Ϯ /m Ϯ is the longitudinal wave speed and C Ϯ is the extensional stiffness. Note that both ⑀ Ϯ and ␦ Ϯ are also independent of the plate thicknesses: thus, for Kirchhoff thin plate theory
2 )͔, where E Ϯ , Ϯ , and Ϯ are Young's modulus, volumetric density and Poisson's ratio, respectively.
The excitation may arise from a variety of sources: ͑i͒ an incident acoustic plane wave as shown in Fig. 1 ,
͑ii͒ an incident subsonic flexural wave on the plate ϭϮ⌽ is also given by ͑4͒ with complex-valued incident angle 0 ϭϮ(⌽Ϫ 1 Ϯ ), where 1 Ϯ are defined below. Alternatively, ͑iii͒ the excitation may be an incident longitudinal wave on either plate,
where u Ϯ inc (r) are the in-plane displacement components of the plates in the radial direction. In order to make the different incident wave types have consistent amplitudes, let
where Z Ϯ ϭm Ϯ c Ϯ are the longitudinal wave impedances. Thus, S 0 Ϯ have the same units ͑pressure͒ as P 0 . We note that the Poisson effect is ignored here, and consequently the incident longitudinal waves have no pressure in the fluid. They enter the problem explicitly through the junction conditions. We will see that they can be considered by applying an equivalent force at the junction, see ͑44͒ below. In general, any one of the three types of incident waves excites all others. The central problem here is to determine the relative coupling amplitudes.
II. GENERAL SOLUTION

A. Field representation and functional equations
We seek the solution in the form of a Sommerfeld integral ͉Im( n Ϯ )͉, where the complex angles n Ϯ nϭ1,2,...,5, are defined below. The contour ␥ Ϫ is the image of ␥ ϩ under inversion about the origin ␣ϭ0. The ''transform'' S(␣) should be a meromorphic function of a complex variable ␣, have a single pole with residue P 0 at ␣ϭ 0 in the strip ⌸ 0 ϭ͕␣:͉Re ␣͉р⌽͖ to reproduce the incident field ͑4͒, and be bounded when Im␣→Ϯϱ satisfying S(iϱ)ϭϪS(Ϫiϱ) without loss of generality.
The Sommerfeld integral ͑7͒ is closely related to the Laplace transform. Define the transform
with inverse transform 10
is the Laplace transform of f (r), and
and the transform of the normal displacement is
The transform of the boundary conditions ͑2͒ is therefore, using ͑10͒-͑12͒,
where
The inverse transform of ͑13͒ must be zero for all positive r, implying that the right-hand side of ͑13͒ must be an odd function of ␣. This leads to a pair of functional equations
with constants C n Ϯ , nϭ1,2,3,4 which depend upon the normal displacement and its derivatives at the tip:
Thus, the problem is reduced to a system of functional equations ͑15͒ with eight constants C n Ϯ , nϭ1,2,3,4, which are to be determined.
B. The plate angles
The general solution depends crucially upon the angles
or sin n Ϯ ϭX n Ϯ , where X n Ϯ , nϭ1,...,5 are the roots of the equation F Ϯ (X n Ϯ )ϭ0, and
By analogy with optics, n Ϯ may be interpreted as Brewster angles for each plate. They are related to the structural wave numbers of infinite plates through the connection ␥ϭik sin n Ϯ , where ␥ is the commonly used decay wave number, e.g., Ref. 11. Crighton 12 has examined the root structure of the related fifth-order polynomial equation for ␥ ͓Eq. ͑3.1͒ of Ref. 12͔. Based upon this, we deduce that for real ⍀ Ϯ and ⑀ Ϯ , there exists one and only one root of F Ϯ (X n Ϯ )ϭ0 on the negative imaginary axis, say X 1 Ϯ . The imaginary roots 1 Ϯ have Im 1 Ϯ Ͻ0 and correspond to a subsonic flexural wave which propagates unattenuated along each plate and decays exponentially into the fluid. Of the four remaining X-roots, two lie in the lower and two in the upper half-plane, symmetrically positioned with respect to the imaginary axis.
The two roots in the upper half-plane, X 4 Ϯ and X 5 Ϯ , lie on the imaginary axis if the following inequality is satisfied:
͑19͒
This condition is new ͑we believe͒, and may be determined as follows. Let XϭϪi, so that F Ϯ (X)ϭ0 is equivalent to
has real roots only if ⍀ Ϯ р1 and they occur at ϭͱ Ϯ , ϭϪͱ Ϯ , where
G Ϯ ()→Ϯϱ as →Ϯϱ, there is only one zero of G Ϯ () on the positive real axis, and either zero or two on the negative real axis. The condition for two roots on the negative axis is that G Ϯ (Ϫͱ Ϯ )у0, which reduces to ͑19͒. This may be rewritten as
It can be easily checked that the left member has a unique minimum at Ϯ ϭ1, implying that ͑19͒ can only hold for systems with ⑀ Ϯ р⑀ c ϵ1/ͱ27ϭ0.1925, and then only for a range of subsonic frequencies,
are the values at which the equality holds.
Thus, one of the five n Ϯ lies on the negative imaginary axis, and either two or zero lie on the positive imaginary axis depending as ͑19͒ holds or not. For example, ⑀ϭ0.134 for steel and water, and ⑀ϭ0.4 for aluminum and water, and consequently the latter system has only one purely imaginary n , while steel and water has three for 0. 
C. General solution of the functional equations
The general solution to Eq. ͑15͒ is represented as
where ⌿(␣), (␣, 0 ), and ⌳(␣) are each particular solutions to a pair of difference equations. Thus, ⌿(␣) is the unique ͑up to a multiplicative constant͒ solution of the homogeneous system
which has no poles or zeros in the strip ⌸ 0 , (␣, 0 ) is the solution of the homogeneous system
which has a simple pole with unit residue at the single point ␣ϭ 0 in the strip ⌸ 0 , and ⌳(␣) is the particular solution of the nonhomogeneous system
The function ⌿(␣) is a product of special Malyuzhinets functions ⌽ (␣) which depends upon the Brewster angles for the boundaries, n Ϯ , nϭ1,...,5. The form of ⌿(␣) depends critically upon s n Ϯ , defined above, implying the following analytical form of the auxiliary function
where ⌽ (␣) is the Malyuzhinets function, which is analytic for ͉Re ␣͉Ͻ2⌽ϩ /2. The required solution of the homogeneous system ͑23͒ is
Finally, the particular solution of ͑24͒ can be deduced as
where the procedure to determine the functions ⌳ n ϩ (␣) is described in Appendix A, with the result
͑29͒
In the limit as Im B Ϯ ↑0, the point ␤ϭϪ 1 Ϯ lies on the contour of integration, resulting in a singularity of the integrand. This may be handled by taking the limit and evaluating the contribution as a principal value integral. A similar principal value contribution also occurs at ␤ϭ 5 Ϯ when ⑀ Ϯ р⑀ c and 0Ͻ⍀ Ϯ l р⍀ Ϯ р⍀ Ϯ u Ͻ1. Such singularities located on the positive imaginary axis can be avoided by deforming the contour into the region Im ␤Ͼ0, Re ␤ ͑0,/2͒ where 1/⌿"Ϯ(⌽Ϫ␤)… by construction is regular and only one zero of L Ϯ (ϯ␤) occurs at ␤ϭ 5 Ϯ . In practice, the integration is performed numerically by deforming to the contour L(N) which goes from 0 to x 0 to x 0 ϩiN, where
and N need not be very large for fast convergence. The change of contour introduces a residue contribution at the circumscribed pole, thus
͑30͒
The previous definitions of the functions ⌿(␣) and ⌳(␣), and consequently S(␣), are analytic only in the strip ⌸ 0 , but may be analytically continued outside this region by repeated use of the functional relations ͑15͒, ͑21͒, ͑22͒, and ͑24͒. For example, the values of these functions in the sectors neighboring ⌸ 0 , ⌸ Ϯ1 ϭ͕␣:⌽ϽRe(Ϯ␣)р3⌽͖ are related to themselves in ⌸ 0 by the formulas
III. DETERMINATION OF CONSTANTS
The eight unknowns can be determined from a linear system of equations of the form
The first four of these equations follow from certain regularity conditions on the integrand S(␣), and the remaining four are consequences of the mechanical conditions at the vertex. The two sets of conditions are used below to determine the elements of E and g.
A. Regularity conditions
The far-field (r→ϱ) behavior of the Sommerfeld integral ͑7͒ can be determined by deforming the contour ␥ into a pair of contours ⌫ (Ϯ), one of which goes from Ϫϩiϱ through ␣ϭ to ϩϪiϱ, and the other is symmetric to it about the origin ␣ϭ0. Assuming that is positive and arbitrarily small, one finds that these contours belong totally to those portions of the complex ␣ plane, labeled ⌸ Ϫ , in which Im cos ␣Ͻ0, and hence any integral of exp(Ϫikr cos ␣) taken over the contours ⌫ (Ϯ) vanishes as r→ϱ. In deforming the contour certain poles may be captured in the area designated as ⌸ ess which is enclosed by contours ␥ Ϯ at the top and bottom, and by ⌫ (Ϯ) at the left and right. If the captured poles include one or more located inside the regions ⌸ ϩ where Im cos ␣Ͼ0, then the residues at such poles would grow exponentially with r, giving unphysical behavior at infinity. Poles of this type ͑named in Ref. 4 as ''forbidden'' poles͒ violate conditions at rϭϩϱ for some (Ϫ⌽,⌽) and must be eliminated from the solution.
In the following we assume that Im 2 Ϯ Ͻ0, Im 4 Ϯ Ͼ0, then it can be shown that among the forbidden poles which are shared by ⌸ ess and ⌸ ϩ are as follows: ␣ϭϪϩ␣ p f where pϭ1,2,3,4, and
In order to guarantee the correct behavior of the integral ͑7͒ as r→ϩϱ we have to cancel the residues of its transform S(␣) at the forbidden poles ͑35͒ by equating
These provide the first four rows of the matrix E and the vector g. Thus,
The elements of the top half of E follow by noting that the function ⌳(␣) satisfies the functional equations ͑24͒. Thus,
if ⌽Ͼ/2 and consequently, using ͑32͒,
and
The functions ⌳ n Ϯ (␣) and ⌿(␣) in Eqs. ͑38͒ and ͑39͒ have arguments only in ⌸ 0 .
B. Junction conditions
Clamped, free, or hinged plates
We consider three sets of junction conditions under which the equations simplify considerably. These are listed in Table I as clamped, free, and hinged. In the former case both plates are clamped at the vertex, constraining motion there. The nonzero equations are TABLE I. The junction conditions for clamped, free and hinged plates. In each case four of the eight unknowns are zero, and the remaining four are determined by four linear equations.
Type
Conditions Implications Equations
Clamped
Under ''free'' conditions the shear force and bending moment on each plate vanishes at the tip, and the equations are
The hinged ends constrain the linear motion but not the rotation, and exert no moments, yielding
Welded and forced
We now consider the important case of two plates that are mechanically joined at the vertex. The displacements and rotations are continuous, and there is an applied moment M 0 per unit length in the third dimension, and force F per unit length acting at the tip. The continuity conditions can be expressed in terms of the deflection w Ϯ (r) and their derivatives at rϭ0:
Here, F r Ϯ are the radial components of F along ϭϮ⌽. For acoustic or flexural wave incidence we have M 0 ϭ0 and F r Ϯ ϭ0. Longitudinal waves traveling inwards towards the junction on the Ϯplate can be considered by setting M 0 ϭ0 and
where U 0 Ϯ is the particle displacement of the incident longitudinal wave at rϭ0 in the radial direction, defined by ͑5͒. Using ͑16͒ implies
and therefore the bottom half of E comprises zeros except for the elements
while the right-hand members become for longitudinal incidence, using ͑44͒ and M 0 ϭ0,
In summary, the right-hand side of the matrix equation ͑34͒ is defined by the incident pressures P 0 and S 0 Ϯ , and therefore all coefficients C n Ϯ also have units of pressure.
IV. DIFFRACTED STRUCTURAL WAVES
The total longitudinal motion in the plates is defined by the displacement components in either plate in the radial direction:
where u Ϯ inc (r) is the incident wave, from ͑6͒, and u Ϯ sc (r) is the scattered wave which satisfies
indicating longitudinal energy radiating outwards. The initial amplitudes are related to the transverse displacements by
and therefore, using ͑16͒, the longitudinal diffraction coefficients are
The evaluation of the flexural wave amplitudes requires a little more effort. The integral ͑7͒ can be evaluated asymptotically for krӷ1 by deformation of the contour ␥ into a pair of steepest descent paths. This yields a representation
where p G and p D are the geometrical and acoustical ͑vertex͒ diffraction fields, respectively. The terms p F Ϯ (r,) denote the residues at captured poles of the function ⌿(␣ϩ), and they coincide with the zeros of L Ϯ (␣ϩϯ⌽) which lie within the steepest descent paths. The dominant contributions to p F Ϯ (r,) are due to the residues at poles ␣ϭϪϮ(⌽ϩϩ 1 Ϯ ) that describe the subsonic flexural waves excited at the tip by the incident field and then traveling outwards along both sides of the wedge without dissipation if the material parameters of the plates are assumed to be entirely real, that is Re 1 Ϯ ϭ0. The corresponding expressions may be summarized as follows
where gd is the Gudermanian function, 13 and using ͑33͒,
The acoustical diffraction, p D of ͑52͒, is defined by
where the diffraction coefficient follows from a steepest descents integral as
D͑ ͒ϭS͑ ϩ͒ϪS͑Ϫ͒. ͑56͒
This term describes the cylindrical wave arising due to diffraction of the incident field by the tip. The acoustical diffraction coefficient must be unchanged under the interchange of the source and observation directions. Thus, when considered as a function of both and 0 , it satisfies the reciprocity identity D( 0 ,)ϭD(, 0 ). The energy of an incident structural wave is defined as twice the flux of energy per cycle in the direction of the incoming wave. For the longitudinal wave this is simply the energy flux in the plate,
The flexural wave contains energy in the plate and in the fluid, and it can be shown to yield a flux of
assuming no dissipation in the system. The energy fluxes of the radiated flexural and longitudinal waves follow from ͑57͒ and ͑58͒, and the acoustic energy is
The total radiated energy, structural and acoustic, is therefore
͑60͒
This defines the energy balance for the wave conversion process. 
V. NUMERICAL RESULTS AND DISCUSSION
We now present some numerically computed results for the particular case of identical steel plates in water (⑀ϭ0.134) that are mechanically joined at the contact line ͑welded contact conditions͒. Several simplifications result when the plates are identical: thus, n ϩ ϭ n Ϫ for nϭ1,2,...,5, the function ⌿(␣) is even,
We consider three representative configurations: ⌽ϭ The fractional distribution of the diffracted structural energy for acoustic plane-wave incidence with 0 ϭ60°are shown in Figs. 2-4 for frequencies below critical. In these and subsequent plots the solid curves indicate the flexural energy and the dashed curves show the longitudinal energy fractions. We note from Figs. 2-4 that the relative coupling to flexural energy increases with the wedge angle, at the expense of the longitudinal energy which vanishes as ⌽→180°.
The curves in Figs. 5 and 6 show the fraction of incident flexural energy that is converted into the four radiating structural modes. In this case the sum of the flexural and longitudinal fluxes ͑the curve ''FϩL''͒ is less than unity. The deficit indicates, from Eq. ͑60͒, the fraction of energy converted to acoustic waves. Similar curves for longitudinal incidence are in Figs. 7 and 8 . In all cases the total structural energy is conserved at low frequency although it is significantly redistributed among the modes. These and other computations indicate that an incident longitudinal wave generates relatively little acoustic sound for all values of ⌽ considered, with most of its energy redistributed among structural modes. The acoustical diffraction is generally greater for flexural incidence.
Finally, Figs. 9 and 10 show the structural energy redistribution for two dry configurations ͑see Appendix B͒. These curves should be compared with the fluid-loaded cases in Figs. 5 and 8. It is interesting to note that the fluid loading does not have much effect for longitudinal incidence. The story is different for flexural incidence, where fluid loading effects can be appreciable for р0.2 c . In general, experience shows ͑e.g., Ref. 11͒ that fluid loading has a strong influence on radiation and scattering from sources and discontinuities for ⍀Ͻ⑀, and the results presented here are consistent with this conclusion.
The numerical computations presented here indicate the degree of coupling between the modes for different wedge angles and frequencies. Some of the observed trends can be understood by consideration of the special cases ͑i͒: ⌽ϭ, for which a Wiener-Hopf analysis leads to relatively simple expressions for the acoustical and flexural diffraction coefficients, 7 and ͑ii͒ ⌽Ϸ/2, which can be analyzed by perturbation methods, 9 with the flat plate ⌽ϭ/2 solution as the leading-order term. The latter analysis predicts that acoustic plane-wave incidence on flat junctions (⌽Ϸ90°) is converted almost equally, in terms of energy, among diffracted longitudinal waves on the two plates. This is in accord with the almost identical L ϩ and L Ϫ curves from the ''exact'' computations in Fig. 2 .
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APPENDIX A: THE FUNCTION ⌳
The general solution of the pair of difference equations ⌳͑␣Ϯ⌽ ͒Ϫ⌳͑ Ϫ␣Ϯ⌽ ͒ϭ f Ϯ ͑ ␣͒, ͑A1͒
can be expressed as ⌳(␣)ϭ⌳ ϩ (␣)ϩ⌳ Ϫ (␣), where
with a similar system for ⌳ Ϫ (␣). We will discuss the solution of the pair of simultaneous equations ͑A2͒ only, which apply to the functions ⌳ n ϩ The solution is represented using a modified Fourier transform pair: 
